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Abstract. Motivated by index theory for semisimple groups, we study the 
relationship between the foliation C*-algebras on manifolds admitting multiple 
fibrations. Let T\, . . . , T T be a collection of smooth foliations of a manifold 
X . We impose a condition of local homegeneity on these foliations which 
ensures that they generate a foliation T under Lie bracket of tangential vector 
fields. We then show that the product of longitudinal smoothing operators 
^!~°°{T\) ■ ■ ■ ^Z^^Ft) belongs to the C*-closure of *J °°(^ r )- An application 
to noncommutative harmonic analysis on compact Lie groups is presented. 
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1. Introduction 

A major thread throughout index theory is the study of longitudinal pseudo- 
differential operators — operators which (pseudo)differentiate along the leaves of 
a foliation. This stream of ideas was already begun in the foundational papers 
of Atiyah and Singer |AS71] (for fibred manifolds), and generalized radically by 
Connes [Co n82] (for foliations). However, to date all of the literature has concen- 
trated on manifolds with a single foliation. The purpose of this paper is to begin 
to study foliation algebras on manifolds with multiple foliations. 

It is important to understand the motivation here, which comes from very specific 
examples in representation theory. Recall that for semisimple Lie groups, much of 
the representation theory centres on the generalized principal series representations, 
which act on section spaces of line bundles over the flag manifold X := G/B of the 
group G. Intertwining operators between these representations occur naturally as 
pseudodifferential operators along the various fibrations of X. 

It is the analysis of these operators that we are really interested in. Our decision 
to use the language of foliations rather than fibrations in this paper was made only 
to simplify the statements and proofs of the results, not to anticipate generalizations 
away from these fundamental examplesQ 

In [Yunllj , we demonstrated how the analysis of these operators can be applied 
to index theory. Specifically, we used the BGG-complex of SL(3, C) to construct an 
explicit model for Kasparov's 7 element as the image of an element of the equivariant 
if-homology of the flag variety Kq{X). This parallels earlier constructions by 
Kasparov and Julg (jKas84, JK951 Uul02j ) which were used to prove the Baum- 
Connes conjecture for all discrete subgroups of rank one Lie groupqj The conjecture 
remains open in rank greater than one. 

Central to the above mentioned construction of 7 for SL(3, C) was a compact- 
ness theorem for products of negative order pseudodifferential operators along the 
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fibrations of X ( [YunlOj ). The proof used some highly nontrivial computations 
in noncommutative harmonic analysis for the maximal compact subgroup SU(3). 
While that argument could, in principle, be generalized to all compact semisimple 
groups, in practice the computations become overwhelming. 

In this paper, we change our approach by using noncommutative harmonic anal- 
ysis in the sense of M. Taylor |Tay84] . This allows results to be proven in broad 
generality — in particular for any generalized flag manifold. Moreover, the proofs 
become considerably more enlightening. 

Let us state the main results. Let A 7 be a smooth manifold equipped with a 
collection of r smooth foliations F\, . . . , T r . Let °° (Fj) denote the set of longi- 
tudinally smoothing operators along J-j with compact support. We shall explain 
exactly what we mean by this in Section [5] With the appropriate definition, these 
act as bounded operators on L 2 X, and their norm-closure ^c°°(^Fj) is a C*-algebra. 
It contains the order — d longitudinal pseudodifferential operators ^~ d {Fj) for any 
-co < —d < 0. 

We shall control the relative geometry of the foliations by assuming the following 
local homogeneity condition. Let G be a connected Lie group, and let f)i, . . . , f) r be 
a collection of Lie subalgebras of its Lie algebra g. We let T-Lj denote the foliation 
of G generated by left translates of f) . 

Definition 1.1. The family of foliations .Fi,...,J> will be called locally homo- 
geneous (with structural data fji, . . . , f) r < g) if there is an atlas of local charts 
4>a ■ U a — > X with U a C G such that d<p a maps each T-Lj isomorphically to Tj on 
its domain. 

This condition ensures that the set of vector fields generated by C x '{T , . . . , 
C°°(TJ- r ) via Lie brackets is itself the space of vector fields tangent to a foliation, 
which we denote by T . In each chart, TT is the bundle of left translates of the Lie 
algebra generated by f)i, . . . , h r . 

Theorem 1.2. Let J-\ 1 . .., J> be a locally homogeneous family of foliations. With 
T as above, 

Thus, successive smoothing along the directions of J 7 !, . . . , J- r yields an operator 
which is almost smoothing, not just in the directions spanned by the TJ-j, but in 
all directions generated from them via Lie brackets. 

If T is the foliation of X by a single leaf then = K,(L 2 X). Thus, we 

have the following important corollary. 

Definition 1.3. We shall say the foliations T\, . . . , T r satisfy Hormander's condi- 
tion if the Lie algebra of all smooth vector fields on X is generated by C°° (T T\ ),..., 

c°°(tj;). 

For a locally homogeneous family of foliations, this is equivalent to requiring 
that f)i, . . . , f) r generate g as a Lie algbera. 

Corollary 1.4. Let . . . , 7> be a locally homogeneous family of foliations which 
satisfy Hormander's condition. If Aj G ^^(Tj) for each j, then the product 
A\ ■ ■ ■ A r is a compact operator. 

Applications to equivariant index theory require further results, which we shall 
defer to a subsequent paper. For now, we will provide a brief application to non- 
commutative harmonic analysis on compact Lie groups. 
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Suppose that K is a compact Lie group, and Ki, K2 are closed subgroups which 
generate K. Let U be a unitary representation of K on a Hilbert space H for which all 
irreducible K-types have finite multiplicity. If 7Ti, 7T2 are irreducible representations 
for Ki and K2, respectively, then the 7Ti- and 7r2-isotypical subspaces of H are 
essentially orthogonal, in the sense that they have arbitrarily small inner products 
on the complement of some finite-dimensional subspace. (See Theorem 16.41 for a 
precise statement.) 

The paper is organized as follows. In Section [5] we provide some background on 
noncommutative microfocal analysis as it pertains to longitudinal pseudodifferential 
operators on Lie groups. The technical heart of the paper is Section |3l in which 
we prove results about integral operators in nonsingular coordinate systems. In 
Sections 0] and [5] we apply this analysis to longitudinal pseudodifferential operators. 
The final section describes the above-mentioned application to noncommutative 
harmonic analysis. 

We would like to thank N. Higson, C. Debord and J.-M. Lescure for helpful 
conversations. 

1.1. Notation. Throughout, G will denote a connected Lie group, and Hi, . . . , H r 
closed subgroups. For any Lie group, we shall use the corresponding Fraktur letter 
to denote its Lie algebra, often without mention. We will denote left Haar measure 
on G by or dcx, and the modular function by Aq. 



Let J 7 be a smooth foliation of a manifold X. If J 7 is the tangent bundle to 
a smooth fibration p : X — > y then elements of ^(J 7 ) can be defined as smooth 
families of pseudodifferential operators of order d on the fibres, as in [AS71] . Then 
^iiJ-) will be the subset of those whose distributional kernel has compact support 
m X x X. However, in what follows it will be convenient if we don't have to 
continually assume that our foliations are fibrations. For this, some brief technical 
remarks are in order to clarify our definitions. 

As Connes observed, the correct home for pseudodifferential operators on fo- 
liations is the holonomy groupoid Q := Q(X,J 7 ). (See |Con94[ ICon82j for the 
definitions.) The smooth convolution algebra C^°(G) is naturally represented on 
the L 2 -spaces of the leaves, and the resulting C*-algebra is Connes' foliation algebra 



However, in order to make sense of statements such as Theorem 11.21 above, we 
need the various convolution algebras to be all represented on a common Hilbert 



space. Thus, in this paper, we will be working with what J. Roe |Roe87j refers to 
as the "global representation" of C^°(Q) on L 2 (X). Specifically for k 6 C^°(Q), 
f E L 2 {X), set 



where, r,s are the range and source maps of Q and Q x := s^ 1 (x). It is the image 
of this representation in B(L 2 X) which we refer to as ^,7°° (J 7 ) . Note that this will 
not generally extend to a representation of C*(Q), unless the transverse component 
of Ricmannian measure is holonomy invariant (as is the case for fibrations). 

In any case, we denote by \E , ^~ 00 (.7 r ) the norm-closure of ^P" 00 ^) in B(L 2 (X)). 
If T comes from a fibration, ^~~°°{T) = C*(X,T). 

We also remark that ^~ d (J 7 ) is dense in \E , ^" 00 (J : ") for any —00 < d < 0. Thus, our 
C*-algebraic approach destroys any notion of order of (pseudo-) 
differentiation and hence precludes all of the subtle analytic estimates that a full 



2. Longitudinal pseudodifferential operators 



C*(X. J 7 ). 
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pseudodifferential calculus affords. On the other hand, this norm-density allows 
us to work with the relatively simple class of longitudinally smoothing operators, 
and still our results remain strong enough for applications to index theory, which is 
concerned with much coarser analytic properties (Fredholmness, compactness, etc). 

We now specialize to Lie groups, where we will reformulate longitudinal smooth- 
ing operators following the pattern of |Tay84| . 

Let G be a connected Lie group, and let H be a connected Lie subgroup, not 
necessarily closed. We endow H with the topology associated to its intrinsic smooth 
structure, not the subspace topology. Let H denote the foliation of G by left-cosets 
of H. 

A longitudinally smoothing operator K £ ^~°°{J-L) is given by an integral for- 
mula 

(2.1) Ku{x)'.= / k(x,h)u(h~ 1 x)dh, 

Jh 

where k E C£°(G x H). We will sometimes denote such an operator by Op H /c. 

Define L 2 (G) with respect to left- invariant Haar measure. The adjoint of Op H fc 
is Op H (£;*) where 

(2.2) k*(x,h) := k(h~ 1 x, h~ Y ) Ay\(h). 

3. Integral operators in singular coordinate systems 

Let G, H be as in the previous section. We need to generalize the operators of 
(|2.ip by reparameterizing the variable h E H with a singular change of coordinates, 
as follows. 

Let M be a smooth manifold with smooth measure dm and let 4> : M — > H be a 
smooth function. We consider operators A of the form 

(3.1) Au(x) :— I a(x,m)u((f>(Tn)~ 1 x) dm 

J M 

for a E C7 C °°(G x M). 

Lemma 3.1. The formula p.lj) defines a bounded operator A on L 2 (G) with norm 
|| A\\ < Halloo Vol(M-supp(a)). 

Proof. Let L g denote the left regular representation of g E G on L 2 G. We can 
write A = J M A m dm where A m is the operator u H> a(-,m)L c f,^ m ju. Note that 
||-^m|| ^ IHloo, and that A m = for m ^ M-supp(a). The result follows. □ 

Define the critical set of <f> : M —> H as C(4>) ■= {m £ M \ D<fi(m) is not onto}. 
The M-support of a £ C^°(G x M), denoted M-supp(a), is the projection of the 
support of a onto M. 

Lemma 3.2. Suppose that M-supp(a) n C(4>) — 0. Then the operator A of (|3.ip 
is in *-°°CH). 

Proof. Let d := dim(H) and n := dim(Af). Note that if n < d then C{<j>) = M, so 
necessarily n > d. By using a partition of unity subordinate to local charts on M, 
we may reduce to the case where M is a bounded open subset of R n . 

Let N :— Qj. Let Ei, . . . , En denote the coordinate d-planes of E™ (in any 
order). For each of these, we will define a Jacobian of <j> in the spirit of the Implicit 
Function Theorem. Thus, let pi denote the orthogonal projection of K™ onto E^~, 
and augment (j> to the map 

$i : M -> H X Ej-; m i-> (4>(m),p l (m)). 
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This is a local diffeomorphism at m if and only if jD<^(m)|£; 4 is onto. Define J,; as 
the Radon- Nikodym derivative of 

3.2 Jj(m) := — — , 

d\\xde' 

where de' is Lebesgue measure on E^~. 
Let 

(3.3) J = (J 1 ,...,J N ):M^-R N . 

By the hypothesis of the Lemma, there is some 5 > such that the open sets 
Ui := J rl (S, oo ) cover M-supp(a). Choose ^ G C^°(Ui) such that ^ ^ = 1 on 
M-supp(a). Put ai(x,m) := if)i(m)a{x,ni), so that A = ^ i Aj where 



(3.4) Aju(x) := / ai(x,m)u(4>(m) x) dm. 

JUi 

Fix i G {1, ...,N}. By design, $, is a local diffeomorphism on M-supp(oj), 
so we can find a finite cover {Vj} of M-supp(ai) by relatively compact open sets 
on which <I>i is a diffeomorphism to its range. We write $>ij := $i\vj for these 
diffeomorphisms. Now let \j 6 be a partition of unity subordinate to {T^} 

and put a,ij(x,m) := yj ■\m)ai(x 1 m). Then 

= V f a ij {x,$7 1 (h,e l ))u{h- x x)J i {§7 1 (h,e'))- 1 dhde l 
j J W')e*i(v^) 

(3.5) = / kij(x,h,e')u(h~ 1 x)dhde', 



where 



fcy(z,/i,e') :=ay(a;,$y 1 (/i s e / ))Ji(*y 1 (/»,e / ))- 1 . 
Since Ji(m) > 5 on M-supp(ay ), kij(x, h, e') extends to a smooth compactly sup- 
ported function on G x H x We obtain 



y J hj(x,h,e') de'^j u(h 1 x)dh. 



The quantity in parentheses is a smooth compactly supported function of (x, h) £ 
G x H, so Ai G $>~°°(H). This completes the proof. 

□ 



Corollary 3.3. Any A of the form (|3.ip is a multiplier of the C* -algebra $> c 00 (H). 

Proof. Let K G *r°°(H) be given in the form (EIQ), for some k G C~(G x H). 
Then 

AKu(x) = / a(x,m) k(<j)(m)~ 1 x,h) u(((f>(rn)h)~ 1 x) dmdh. 

J M x H 

The map 

M x H -> H; (m,h)^ (f>(m)h 

is a submersion, so by the above lemma AK G *^°°('H). Similarly, JsTA G * _00 (H). 
A density argument completes the proof. □ 

Theorem 3.4. Let a G C^°(G x M) and <f> : M ->■ G fee smooth. If C{4>) has 
measure zero, then the operator A of Equation (|3.ip is in ^f^°°(T-L). 
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Proof. Fix e > 0. Choose an open neighbourhood U of C(<f>) with measure less 
than e. Let XiiX2 be a smooth partition of unity on M with supp(xi) C U and 
supp(x2) C M \ C{4>). Then A = A\ + A 2 with 

Aiu(x) := I Xi{ m ) a ( x 7 m ) u((f)(m)~ 1 x) dm. 
J M 

Now, A 2 € ^~°°(n) by Lemma ET21 and ||A X [| < e by Lemma ETT1 

□ 

Recall that every Lie group admits a canonical real-analytic structure. In prac- 
tice, it will be real-analyticity that ensures the measure-zero critical set required 
for Theorem 13.41 

Corollary 3.5. Let M be a connected real- analytic manifold, and <f> : M — > H be a 
real-analytic map with image of nonzero measure, then the operator A of (|3.1[) is 

Proof. As above, let d := dim(H), n := dim(M) and N := ryj. In any analytic 
chart U of M, the critical set of <j> is the zero set of the real-analytic function 
J : U — > R N of Equation (|3.3I) . This function is not everywhere zero, by Sard's 
Theorem. Real-analyticity implies J -1 (0) has measure zero. 

□ 

4. Products of longitudinal pseudodifferential operators on Lie 

GROUPS 

Let Hi, . . . , H r be connected Lie subgroups (not necessarily closed) of the con- 
nected Lie group G. Let H denote the subgroup they generate: 

H := {xiX2 ■ ■ • Xk | Each Xi is in some H^}. 

This is a connected Lie subgroup whose Lie algebra t) is the Lie algebra generated 
by t)x,...,h r . We use H (resp. Tij) to denote the foliation of G by left-cosets of H 
(resp. Hj). 

Theorem 4.1. With the above notation, 

Proof. Let H1H2 • • ■ H r denote the set of products {hih 2 ■ • ■ h r \ hj € H 3 for all j}. 
We first prove the theorem under the assumption that HiH2---H r has nonzero 
measure in H. 

Let Kj = Op H (kj) £ * f : 00 (H J ), with kj E C^°(G x H). By iterating equation 
(|2.1[) . we see that 

K\K 2 ■ ■ ■ K r u(x) = / a(x, hi, . . . ,h r ) u((hi ■ ■ ■ h r )~ 1 x) dhi ■ ■ ■ dh r , 

Jh 1 x-xH r 

where 

r 

a(x,hi,. . . ,h r ) := ■ ■ ■ h j ^i)~ 1 x,h j ). 

Here, a G C^°(G x (Hi x • • • x H r )) and the map (hi, . . . , h r ) n> h% ■ ■ ■ h r is real- 
analytic, so Corollary 13.51 implies that K\- ■ • K r € ^c°°(H). 

Now we drop the assumption on the product Hi • • • H r . Note that K\ ■ ■ ■ K r is 
in the multiplier algebra of \I/^ 00 ('H), by Corollary 13.31 Since Hi, . . . , H r generate 
G, there is some n € N for which the set 

(H1H2 • • • H r H r • • • H2Hi)(HiH2 • • • H r H r • • • H2H1) • • • (H1H2 • • • H r H r • • • H2H1) 



n copies 
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has positive measure in G. By employing the formula (|2.2I) for the adjoint of 
Kj, the previous argument shows that (Ki ■ ■ ■ K r K* ■ ■ ■ K{) n £ ^c°°{U)- But 
now standard C*-algebra theory implies that K% ■ ■ ■ K r is in ^>c°°{T-l) (see |Dav961 
1.5.3]). 

□ 

5. Locally homogeneous structures 

We now pass to manifolds which are locally modelled on Lie groups. We continue 
with the above notation: q is the Lie algebra of a connected Lie group G; f)i, . . . , f) r 
is a family of Lie subalgebras and () is the Lie algebra they generate; Hi, . . . ,H r 
and H are the corresponding left-coset foliations. 

Recall (Definition II. ip that a family of foliations T\,...T r of a manifold X is 
called locally homogeneous if X admits an atlas of local diffcomorphisms from G, 
under which the fibrations map to "Hi, . . . ,H r . As described in the introduction, 
such a family JFi, . . . , J> generates a foliation T C TX ', which in each chart is H. 

Theorem 11.21 is then an immediate consequence of Theorem 14.11 via a partition 
of unity argument. 

We now apply this to the key example of generalized flag varieties. 

Example 5.1. Let G be a complex semisimple Lie group of rank r. Fix a Cartan 
subalgebra f). Fix a system of positive roots £ + , with simple roots II. Let n := 
©aes+ 0"' '■— ® a es+ and let b := t) ©n be the 'lower' Borel subalgebra. 
The corresponding Lie groups will be given by upper case letters. 

Let X := G/B be the flag variety of G. For any SCII, let (S) denote the set of 
positive roots spanned by S, ie, 

(S) := {a £ S + | a = np(3 for some tip £ N}. 

Let ns := © Qe (s) 0a- Let p s denote the parabolic subalgebra b © 115. Let 3^s ■— 
G/Ps be the corresponding partial flag variety. Let Ts denote the fibration of X 
by fibres of the quotient map t$ : X — > y>s- 

The map < J 9:N^->G^>G/B = A'isa diffeomorphism onto its range. It is clearly 
N-equi variant. With this as a chart, the fibres of T5 pull back to the left cosets of 
N (~l Ps = N5. By taking G-translates, we can cover X with such charts. Thus we 
see that the family of fibrations (J 7 s)scn is locally homogeneous with structural 
data (ns) S cn < tx. 

Theorem 11.21 yields the following statement. Let Si, . . . , S r C II and put S = 
Ui=i Then 

In particular, if A a is a longitudinal pseudodifferential operator along J-{ a ), for 
each a £ II, then their product is a compact operator. This is the generalization of 
[YunlOl Theorem 1.3] for arbitrary flag manifolds. 

6. Essential orthogonality of sub-types 

We conclude with a brief application of the above results in noncommutative 
harmonic analysis for compact groups. 

Let K be a compact Lie group, and let Ki and K2 be closed subgroups. Let 
U :K ^ B(H) be a unitary representation of K with finite multiplicities. What can 
be said of the relative position of the Ki- and ^-invariant subspaces of H, or more 
generally of the isotypical subspaces? This question arises naturally in harmonic 
analysis on flag varieties (see |YunlOj ). 
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Let us introduce some notation. If ir is an irreducible representation of a sub- 
group K' of K, will denote the orthogonal projection onto H^, the 7r-isotypical 
subspace of U\k'- If 5 C K' is a set of K'-types, we put ps := Y^-nesPn- Note that 
if a G K and n G K', then p CT and p„ commute. 

We define the inner product of subspaces Hi , H 2 < H by 

(H U H 2 ) :=sup{(6,6) G^,||^I<1}. 
Suppose to begin with that K = Ki x K 2 . If the representation H has finite 
K-multiplicities, the isotypical subspaces H ni and H^ 2 will have finite dimensional 
intersection — namely, H„ l{ ^„ 2 — and moreover will be 'perpendicular' in the sense 
that their respective orthocomplements H„ 1 n (H^) 1 - and H 7r2 n (i/,^) 1 - are or- 
thogonal. 

Clearly this is not true in generality. For instance, let K = SU(3) and Ki 
and K2 be the subgroups obtained by embedding SU(2) in the upper-left and 
lower-right corners of K, respectively. There are infinitely many irreducible SU(3)- 
representations which contain both a nonzero Ki-fixed vector and a nonzero K2-fixed 
vector, and these fixed vectors are not in general orthogonal. However, they are 
asymptotically orthogonal, in the sense that for any e > 0, there are only finitely 
many K-types in which the Ki- and K 2 -fixed subspaces have inner product greater 
than e. 

With this example in mind we make the following definition. We use V a to 
denote the vector space underlying an irreducible representation a G K. 

Definition 6.1. We say the subgroups Ki and K 2 of K are essentially orthotypical 
if, for any m € Ki, ir 2 € K 2 and e > 0, there are only finitely many K-types a G K 
for which {{V)^,{V)^)>€. 

An equivalent definition is given by the following lemma. 

Lemma 6.2. Let Ki and K 2 be closed subgroups of a compact Lie group K. The 
following are equivalent: 

(i) Ki and K 2 are essentially orthotypical. 

(ii) For any n\ G Ki and ir 2 G K 2 , P 7 t 1 Ptt 2 * s a compact operator on every 
unitary K-representation with finite multiplicities. 

Proof, (i) (ii): Let S be the set of a G K for which ((V a ) Vl , (V a ) W2 ) > e. Then 
on V a for any a £ S, \\p 7ri p-„ 2 \\ < e. Therefore 

P-KlPw = PSPw 1 Pw 2 + PsPkiP^ 

with the right-hand side being the sum of a finite rank operator and an operator 
of norm at most e. 

(ii) (i): Let e > 0. Fix any enumeration {<7i, a 2 , ■ ■ ■} of K, and let S n := 
{a\, . . . , cr„}. Put H := 0^Li V an . The projections ps n on H converge strongly 
to 1 as n — > 00, so by the compactness of p 7ri PTr 2 we have || (PTnP7r 2 )Ps n II < e f° r 
sufficiently large n. 

Now let a be any K-type not in S n and suppose ^ G (V a ) 7Tj for j = 1,2, with 
||£j|| < 1- After including V a into H, we have 

(6,6)1 = \(Ps n P*i£uPs n Pn2&)\ = \(€uPs n PmP*2&)\ < e - 

Thus ({V a ) Wl , {V a )-K 2 ) < c for all a <£ S n . 

□ 

Remark 6.3. The representation H = V an used in the proof of (ii) => (i) 

could be replaced by any representation which contains every K-type — for instance, 
the regular representation. 
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Theorem 6.4. Let K\, K2 be closed subgroups of a compact Lie group K. // Ki, 
K2 generate K then they are essentially orthotypical. 

Proof. Fix 7!"i G Ki, 7T2 G K2 and e > 0. Let x*t £ denote the character of 

Tij. Let U be the left- regular representation of K on L 2 (K). By the orthogonality 
of characters, 

for any / e L 2 (K). That is, p„., is a longitudinally smoothing operator for the coset 
fibration of Kj < K. Thus, using Remark ??, Lemma ROl gives the result. 

□ 

It is natural to ask about the converse of Theorem 16.41 We will see that the 
converse holds at least if K is compact semisimple. 

In fact, if the subgroup generated by Ki and K2 is not dense in K then Ki and 
K2 are not essentially orthotypical. For consider the the representation of K on 
L 2 (K/K'), where K' is the closed subgroup generated by Ki and K2. The Peter- 
Weyl Theorem gives the decomposition 

£ 2 (K/K') = 0^®(^*Vo, 

where tto is the trivial representation of K'. (On the summands of the right hand 
side, the K-representation is by a ® I.) Thus L 2 (K/K') has finite K-multiplicities. 
It also has an infinite dimensional K'-fixed subspace, since V a contains a K'-fixed 
vector if and only if V a * does. The projections onto the trivial Kj-types (for 
j = 1,2) both act as the identity on this subspace, so their product cannot be 
compact. 

Compact semisimple groups have no connected dense subgroups 
( MV93 ), which gives the converse to Theorem [63] for K semisimple. 
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